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Abstract

We investigate the monotonicity of the period function associated with planar Hamil-
tonian systems of the form H(x, y) = F(x) + G(y), where G is an even function.
We derive explicit sufficient conditions, expressed solely in terms of the functions F,
G, and their derivatives, ensuring the monotonicity of the period function associated
with a nondegenerate center. Our results extend Chicone’s classical criterion, origi-
nally established for potential systems, to a broader class of separable Hamiltonian
systems. The effectiveness of the proposed criterion is illustrated through applications
including polynomial, trigonometric, hyperbolic and relativistic Hamiltonian systems.

Keywords Period function - Monotonicity - Planar Hamiltonian systems - Separable
Hamiltonians - Chicone’s criterion

1 Introduction and Main Results

The study of the monotonicity of the period function is a classical problem in the
qualitative theory of planar Hamiltonian systems, with important connections to the
analysis of centers, bifurcations, and oscillatory behavior.
In this work, we consider planar Hamiltonian systems with a Hamiltonian function
of the form
H(x,y) = F(x) +G(y), ey

where F' and G are smooth functions, and G is even, thatis, G(—y) = G(y). Assume
that F(0) = G(0) = F’(0) = G'(0) = 0, and F”(0) > 0, G"(0) > 0. Under these
conditions, the associated Hamiltonian system

@)

x'=G'(y),
Vv =—F'(x),
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Fig.1 Periodic orbit yr of
energy E and the region Q(E)
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has a nondegenerate center at (0,0), and its trajectories lie on the level curves
H(x,y) = E. Let P denote the period annulus of the center, that is, the largest
neighborhood of (0, 0) filled with periodic orbits. It is well known (see, for instance,
[1]) that H(P) = [0, E*), where E* € (0, +00] denotes the maximal energy level of
the period annulus. If E* < 400, then the boundary of P is contained in the energy
level H(x, y) = E*. Moreover, the periodic orbits in 7P can be parametrized by their
energy, which allows us to define the period function T : (0, E*) — (0, +00),
assigning to each periodic orbit its minimal period 7 (E). The function T is smooth
and satisfies 7 (0) > 0.

LetO < Eg < E*. We say that T is increasing (respectively decreasing) on (0, Eop)
if T/(E) > 0 (respectively T'(E) < 0) forall E € (0, Eg). If T(E) = 0 on (0, E¥),
then T is constant and the center is said to be isochronous.

Our main goal is to establish explicit conditions ensuring the monotonicity of the
period function in terms of the functions F' and G, extending Chicone’s classical
criterion to this broader Hamiltonian setting.

Let yg C P be the periodic orbit corresponding to the energy level E. This orbit
intersects the axis y = 0 (respectively, x = 0) at the points determined by F(x) = E
(respectively, G(y) = E). Since F has a minimum at x = 0, for sufficiently small
E > 0 the equation F(x) = E has exactly two solutions: one positive, denoted by
x+ = x4+(E), and one negative, denoted by x_ = x_(E). Analogously, we define
v+ = y+(E) and y_ = y_(E) (see Fig. 1).

ForeachO < E < E*, let

Q(E) = {(x,y) e R*: 0 < H(x,y) < E},

and define

M(x, y)=[6F (x)(F"(x))* = 3(F'(x))*F"(x)=2F () F'(x)F"" ()] G(y) (G’ (y))*
+ F(x) (F' () F"(x) [(G'(»))* = 260G (»)].
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The following theorem provides a sufficient condition for the period function to be
monotone on (0, Eg), where 0 < Eg < E*, in terms of the sign of M on Q(Ej).

Theorem 1.1 Consider the planar separable Hamiltonian system given by
H(x,y)=F(x)+ G(y),

where G is even. Assume that the origin is a nondegenerate center, and let T (E) be
its period function.

Let0 < Eg < E*. IfM(x,y) > 0forall (x,y) € Q(Ey), then T is increasing on
0, Eo). If M(x,y) <O0forall (x,y) € Q(Ey), then T is decreasing on (0, Ep).

In practice, one seeks the largest energy level Eg < E* for which M has a constant
sign on 2 (Ep). Theorem 1.1 then determines the monotonicity of the period function
on the interval (0, Ep).

The monotonicity of the period function has been extensively studied in the liter-
ature (see, for instance, [2—17]). This subject plays a fundamental role in the study
of bifurcation phenomena [18-21] and in questions related to inverse problems [17,
22-27].

Despite these contributions, most of the available results are restricted to the poten-
tial case or to specific subclasses of Hamiltonian systems.

In the potential case, that is, when G(y) = % y2, the monotonicity was analyzed in
[5, 6]. The particular case F’ = G’, under additional assumptions, was studied in [4],
while more general approaches can be found in [14, 28]. Related results for separable
Hamiltonian systems were obtained in [29].

In this setting, the main criterion for studying the monotonicity was established
by Chicone (see [6]). Chicone proved that the period function 7 (E) is increasing on
(0, Ep) if N(x) > 0 for all x € K(Ey), and decreasing if N (x) < 0, where

K(Ep) ={x e R: F(x) < Eo} = [x_(Ep), x4+ (Ep)],

and
N(x) = 6F(x)(F"(x))* = 3(F'(x))*F"(x) — 2F (x)F'(x)F"" (x).

Theorem 1.1 provides a natural extension of Chicone’s criterion to the class of
separable Hamiltonian systems of the form H(x,y) = F(x) + G(y). Indeed, if
G(y) = 1y?, then (G')?> — 2GG” = 0, and consequently M (x,y) = 3N (x)y*.
Since y* > 0 for y # 0, the sign of M(x, y) coincides with the sign of N(x).
Thus, Theorem 1.1 recovers Chicone’s original criterion in the potential case, while
providing a unified framework for more general separable Hamiltonian systems.

We also note that the monotonicity of the period function for more general pla-
nar systems has been studied using normalizers (see [14, 28]). In particular, these
approaches can be applied to systems of the form

X'=Gy), Y =-F).

More recently, [29] established several criteria for monotonicity in separable Hamil-
tonian systems. In particular, Proposition 3.1 in that work provides an expression that
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is closely related to our result. A detailed comparison between their criterion and
Theorem 1.1 is presented in Sect. 4.

2 Proof of Theorem 1.1

We begin by outlining the proof strategy. Let 0 < Eg < E*. To establish Theorem 1.1,
it suffices to show that the derivative T’(E) is nonnegative (respectively, nonpositive)
on (0, Eg) whenever M (x, y) is nonnegative (respectively, nonpositive) on Q2 (Ep).

The proof relies on expressing the period function as an integral, differentiating it
with respect to the energy, and analyzing the resulting expression.

Proof Let 0 < Ey < E* be fixed. For each E € (0, Eyp), let yg C Q(Ey) denote
the periodic orbit of energy E. Since G is even, the phase portrait of system (2) is
symmetric with respect to the x-axis. Hence, the period of yg can be written as the
convergent improper Riemann integral

x4+(E) dx x4(E) dx
T(E) = 2/ _ 2/ :
() G'(yx)) «(£) G(G~UE — F(x))

where x_(E) and x4 (E) are the intersection points of the level curve H(x,y) = E
with the x-axis.
Next, we exploit the parity of G to derive a more convenient expression for

G(G7'2). z=E-F@),
which appears in the denominator of the above integral.

Since G is even and satisfies G(0) = G'(0) = 0, G”(0) > 0, there exists a smooth
function g, with g(0) = 0 and g’(0) > 0, such that (see [30])

y2
Gy = g<7)- (3)
Differentiating (3), we obtain
32
G'(y) = yg’(;)- 4)

Let yo > 0 be the positive solution of G(y) = Ej. Since the origin is a nondegener-
ate center, the restriction G : [0, yg] —> [0, Ep] is strictly increasing. Consequently,
G'(y) > 0,y € (0, yp). It follows from (4) that

y2
gw) >0, uce (0, —0} .
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Hence,
y2
g:]0.5 | — 10, Eo]
is strictly increasing and therefore admits an inverse
y2
g~ 10, Eol — 0,2} ].
Moreover,
g @=0, (€ H@=>0 ze, El
Define
1 1/2
f@) = (/ (g7 (t2) dt) , 2 €10, Eol.
0
Since g~ (0) = 0, the Fundamental Theorem of Calculus yields
1 ¢ ! 1
g =f (&) (s)ds =z/ (&) (t2) dt,
0 0
and therefore
g @) =) )

Now let z = G(y). By (3), g_l(z) = y;, and hence

Gl =y=2¢"0) = V22 f(2).

Substituting this identity into (4), we obtain

G—l 2
GG ') =G (2 g/<( 2(2)) )

=6'2¢(g @)
=2z f(2) 87 @).

Recalling that z = E — F(x), the period function becomes

x4+ (E) dx
T(E)=2 .
") /x_(E) V2(E = F(x)) f(E = F(x)) g(¢~'(E — F(x)))

To compute 7'(E), we first introduce the change of variables r = h(x), where

F)\ 2 .
h(x) = x(x_2> - x 70,

0, x=0.
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Since F has a nondegenerate quadratic minimum at the origin, /# extends smoothly
to x = 0. Moreover, one verifies that 4’ (x) > 0 for all x, so that / is a diffeomorphism
onto its image. Therefore,

VE
T(E) = 2/ dr

~VE V2AE =) f(E =) (g M (E ~r)) (b1 ()

Next, we perform the trigonometric substitution

b b
=+ Esin0, — <0< —.
r \/_sm 2 =0=3
This gives
T(E)—Z/Nﬂ VE cos6do
—n/2 V2E cos2 6 f(E cos?0) g/(g~1 (E cos? 0)) W'(h~! (VE sin6))

do
B ﬁ /2 h’(h_l(ﬁ sin®)) g/(g~ 1 (E cos? 0)) f (E cos? 0)

For every E € (0, Ep), the integrand is smooth on (0, Eg) x [—m/2, 7w /2]. There-
fore, differentiation under the integral sign is justified, yielding

/2 9 1
— do
dE \/—/n/Z 0E ( h=1(VEsin0)) g((g~ ' (E cos?0)) f(E00329)>

0A

—(E, 0
2 (72 g« )de
V2 ) ap AE, )2

where
A(E. ) = h/(h—l(ﬁsine)) g/<g_1(E c0529)) F(E cos26).

Differentiating A(E, 0) with respect to E, we obtain

A h”(h_l(«/f sin 9)) g/(g_l(E cos? 9)) f(E cos? ) sinf
(E,0) = {
2ﬁh/(h—l(ﬁsin 9))

i1 —1 . g”(g_l(E cos? 9)) f(E cos? @) cos? 6
W (h™' VEsing)) [ T B o8]

+ g/<g_1 (E cos® 9)) f'(E cos®0) cos? 9i| }
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We decompose this expression as

9T _ 2 (1(E) + h(E) + I(E
ﬁ——ﬁ(l( )+ D(E) + I3(E)) .

We first simplify 71 (E) by introducing the factor cos? 6 into the integrand. Substi-
tuting
x=h"'\WEsin®), z=E—F(x),

into 11 (E), we obtain

1 /2 h"(x) sin 6 do

ILi(E) = .
W =3VE L ey ee @) 70

Integrating /1 (E) by parts yields

1 h"(x)cos @ i
I(E) = — ARSI
WE W) ge™' @) f@ ],
/71/2 h”(x)
N‘ 22 d0 | (W(x))3g(g~" () f(2)

:| cos 6 dob.

The boundary term vanishes because cos(+m/2) = 0. For any smooth function & (x),

d dx dx v E cosf
—d x)—, =
02O =200 = T
Define
h//(x)

B =B(E,0) =

(h'(x))3g(g7 () f(2)

Using the chain rule,
dB h///dx (h )3 ( —l(z))f(z) h// [(h )3 /( —I(Z))f(z)]
do ()3 g/(g‘l(z))f(z)] '

Moreover,
d N3 o —1
E[(h) (g (z))f(z)]
d
= 3(h’)2h”—xg’(g_1 (@) f ()

g7 @) (= F(X))—

d
+ )’ ) 5@ +8(s7' @) f @F T
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_ dx

"~ do g(g71(2)
— (g"(g7' (@) F x) f(2)
~ gl @) r@F ).

{302 [g(e™ @) 1

Substituting this expression into the previous identity gives

dx
dB 4o

48 ()6 (gg 1)) (£ ()2
=30 g (s @) F @)
+ 1 (0 g (7 @) F'(x) f(2)
+1" WY [g(e 7 @) F o f @

{rr e @) @

1(E) = 1 /”/2 cos? 6 db
20w (5 (8/(s71 @)  (f ()2
30" [g(s @) f @

+ 11 g" (g7 () F'(x) f(2)

+ g (e @) F @ f @}

{h///h/[g/(g—l (Z))]zf(Z)

We rewrite I, (E) and I3(E) with the same denominator as /1 (E):

e e
2 ' @)(g(g71 ) @)
_ /”/2 (1) (s7 @) (@) cos?d
2 (0)3(8(e1@)) (f ()2
/2 "(z) cos? 6
B = f_n/z h/(x);(;)‘ @)@
_ /”/2 (s @) f' @ s
2 ()3 (g(871())’ (f ()2

Combining the above identities yields

dT
dE
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2
_ —E(ll(E) + L(E) + I(E))

3" [le ™ @) f @) —h"H [¢e @) f @)
f )

— W' (g7 @) F @) f(@) = h'H [g(s7 @) F'(0 @)
—200*¢'(s7 @) f @) —2) [ge 7 @) 1 @)
cos? 0

5 ds.
()3 (8(871@))" (f (2))?

Since the denominator is positive, the sign of 7’(E) is determined by the sign of
K = [3(/’1//)2 _ h///h/] (g/(g—l (Z)))zf(Z) _ [h//h/F/(x) + 2(h/)4]
_ 2 -
(¢ @)@ +¢" 67 @ /)]
Since h(x)2 = F(x), we have

_F y _ 2F"F — (F')? W 4F?F" —6FF'F" 4 3(F' )3
2h’ 4hF ' 8hF?

/

Since & is smooth, the above identities, initially derived for x # 0, also hold at
x = 0. Consequently,

6F(F//)2 _ 3(F/)2F// _2FF'F"
8F2 '

3(/’!”)2 —W'n =

and
2F(F/)2 F//
8F2
Recall that along the periodic orbit H(x, y) = E,z = E—F(x) = G(y). Therefore,
all the quantities involving g and f below are evaluated at z = G(y). Since

Wh'E' + 2(h/)4 —

2
-1 -
g (GO =7

it follows from (4) and (5) that

’

2 i
io—1 o y_ G'(y)
e GH)) =¢ ( 3 ) 5

and
Gy  H?

G(y)?* = = )
f(G(y) GO) 2G0)
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Consequently,
(G')?

(e~ (G 2 G 2 _ ’
('@ HGOM) fGH)) 2G()

2G()G"(y) = (G'(»)?

(g NGO FGH) FGH) =

4G(y)? '
and
Gy~ GO
(g7 G MG = — o)

Combining the last two identities, we obtain

(&' GOM) LG FGH) + &g (GH)) (G

_2G(G"(y) = (G'()*
B 4G (y)>

Multiplying K by the positive quantity f(z) = f(G(y)), we obtain

K -f= [3(h//)2—hwh/](g/(gil))zfz—[h//h/F/+2(h/)4][(g/(g71))2ff/+g//(g71)f2]

_ N2 ////(G/)z_ "yl ! "4
=3 = W"H ] = [0 F 420

2GG// _ (G/)2
4G?

B 6F(F”)2 _ 3(F/)2F” _2FF'F" (G/)Z 2F(F’)2F” 2G6G — (G/)Z
N 8F2 2G 8F2 4G?
(6F(F")? = 3(F)2F" —2FF'F"")G(G')? — F(F')*F"(2GG" — (G')?)
16F2G?

Therefore, the sign of T'(E) is determined by the sign of
M(x,y) = (6F(F")*=3(F)*F"—2FF'F")G(G")* + F(F')*F"((G")* =2GG").
Consequently, if M(x,y) > 0 for all (x,y) € Q(Ep), then T'(E) > 0 for all
E € (0, Ep). Likewise, if M (x, y) < 0 for all (x, y) € Q(Ey), then T'(E) < 0 for

all E € (0, Ep).
This completes the proof of Theorem 1.1. O

3 Applications

In this section, we illustrate the applicability of Theorem 1.1 through several examples,
including polynomial, trigonometric, hyperbolic, and relativistic Hamiltonian systems.
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3.1 A Class of Polynomial Hamiltonian Systems

Example 3.1 Consider the Hamiltonian system
xi = )C2(b1 + bzx%),
xy = —xi(a1 + azx1 + azx}),

where a; > 0 and by > 0.
By the change of variables

b
X =X, y= a—]xz, dt = /ab; dt,
1

we obtain the normalized system

x'=y(1+cy?),

y = —x(l + ax +bx2),

where
az az ayby
a = —, b= —, Cc = 5 -
aj aj by

The Hamiltonian function corresponding to system (8) is

1 a b 1 ¢
H(x,y) = x>+ —x> + =x* + =y> + —y*.

2 3 4 2 4
Hence,
1 a b 1 c
F _ 2,493 _4’ G — 244
(x) 5 —|—3x +4x ) 7Y +4y

A direct computation shows that

1
M(x,y) = ﬂx“y“(A(x)P(w - B(x)0()),
where

A(x) = 10a® — 9b + a(30b + 4a®)x + b(36b + 16a*)x> + 24ab’x> + 9b3x*
B(x) = (6 4 4ax + 3bx*)(1 + ax + bx*)*(1 + 2ax + 3bx?),

P(y) = (1+cy?)*2+cy?),

Q(y) =cB+cy).

Since M (x, y) and

N(x,y) = A(x)P(y) — B(x)Q(y)

(6)

®)

’
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have the same sign, the monotonicity of the period function 7' (E) is determined by
the sign of N(x, y).
We also observe that

A(—x,—a,b) = A(x,a,b), B(—x,—a,b) = B(x,a,b),
F(—x,—a,b) = F(x,a,b).

Hence, the transformation
(x,a) — (=x, —a)

preserves the functions A, B, and F, and maps the projection of the period annulus
corresponding to the parameters (a, b) onto that corresponding to (—a, b). This sym-
metry will be used repeatedly in the proofs to reduce the arguments for the casesa < 0
to the corresponding ones with a > 0.

The following technical lemma will be used repeatedly in the proof of Cases (A)
and (B).

Lemma 3.2 Let I be the projection of the period annulus of the center onto the x-axis.
Suppose that
A(x) >0, xel,

and that there exists & € I such that

BG) _ BE)
A(x) T AE)
Define
_246)
coi=—— .
3B(§)
Then,
N(x,y) =0

throughout the period annulus whenever 0 < ¢ < ¢y.

Proof Since
P(y) = (1+eyH*2+eyh) > 0,

the inequality N (x, y) > 0 is equivalent to

Ax) — B(x)@ > 0.

P(y) —

Moreover, the function % is strictly decreasing with respect to y2. Hence,
M) _ 00 _
P(y) = P(0)

3¢ _3co _ AG)
27 2 B@E)
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)
N

G

(a) Qa(Ep) for a > 0. (b) M(z,y) > 0 in Qa(FEp).

I
I
I
7o

Fig.2 Illustration of Case (A)

Therefore, 00) AG)
Y
Ax) — B(x)?y) > A(x) — %B(x).
Finally, the hypothesis
B() _ BE)
A(x) — A@)
is equivalent to
A(x) — ig)B()c) > 0.
B(§)
Consequently, N (x, y) > 0 throughout the period annulus. O

We now analyze the different polynomial families by verifying the assumptions of
Lemma 3.2 in each case.

Case(A):a #0,b=0,c>0.
In this case, the origin (0, 0) is a bounded center contained in the region
Q(E") ={(x,y):0 < H(x,y) < E*},

where E* = F(x¢) and xp = —% is the root of 1 + ax = 0 (see Fig. 2a).

Let
1

" 2a

be the second intersection of the energy level F(x) = F(xg) with the x-axis, and
define

ro

2A(r0)  2a?

T 3Btro) 9

cQ -
We have the following result.

Lemma 3.3 Suppose thata # 0, b = 0, and 0 < ¢ < cqo. Then the period function is
increasing on the entire period annulus.
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Proof In this case,
A(x) =a*(10 +4ax),  B(x) = (6 + 4ax)(1 + ax)*(1 + 2ax).
By the symmetry reduction, it suffices to assume that @ > 0. Since
Alx) = a2(10 +4ax) > 0, x € [xg, ro],

the function
_ B(x)

A(x)

S x)
is well defined on /. Moreover,
f'(x) >0, x € (xo0,r0),

and therefore
B(x) _ B(ro)

A(x) T Alrg)’

x € [xg, ro].
Since I C [xg, ro], the above inequality also holds for every x € I. Finally,

2A(rg)  2a?
Q= ="
3B(ro) 9

so all the hypotheses of Lemma 3.2 are satisfied. Therefore, N (x, y) > 0 throughout

the period annulus. Consequently, M (x, y) > 0 throughout the period annulus, and
the conclusion follows from Theorem 1.1. O

Case(B):b # 0and A = a? — 4b > 0.
In this case, the polynomial
px)=1+4+ax + bx?

has two real roots, denoted by x; and x». Consequently, the origin (0, 0) is a bounded
center contained in the region

Q(E™) ={(x,y):0 < H(x,y) < E*},
where E* = F(xg) and xo € {x1, x2} is the root of p(x) = 0 that determines the
homoclinic orbit bounding the period annulus. Without loss of generality, we assume
that xo = x1 (see Fig. 3).

We distinguish the following subcases.

@ Springer



Monotonicity of the Period Function in Planar Separable...

Page 150f38 166

~_

1
|
|
1
1
|
1
|
|
|
|
|
2

(a) z2 <1 <0 (a>0,b>0). (b) z1 <0< z2 (a>0,b<0).

Y
/)

Bemmmm - - - - - -

7

(c) 1 =2 (a>0,b=a?/4). (d) z2 <0, z1 = —

Fig. 3 Four of the seven possible phase configurations

Subcase(B1):a=0,b<0,c>0.

Let
1 1
X0 = _——, ro = e
Y S Y
where F (rg) = F(xp), and define
2A(0)
cpi=——=—
3B(0)

We have the following result.

x2

1
1
1
1
1
|
]
1
1
1
1
1
)

(a=0,b<0).

Lemma 3.4 Suppose thata = 0, b < 0, and 0 < ¢ < co. Then the period function is

increasing on the entire period annulus.

Proof 1In this case,
A(x) = 9 (—1 +4bx? + b2x4)

and
B(x) = (64 3bx?)(1 + bx?*)%(1 + 3bx?).
Since b < 0,
A(x) >0, x € [xg, rol-
Hence,
(r) = 20
T =3

is well defined on [xq, rg].
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Moreover, A and B are even functions, and therefore so is f. Since f attains its
global maximum on [xg, r9] at x = 0,

B(x) - B(0) cl |
—_— x € [xg, ro].
A() ~ A®0) ¢
Finally,
_2A00)
"= 3B0) ~
so all the hypotheses of Lemma 3.2 are satisfied. Therefore, M (x, y) > 0 throughout
the period annulus, and the conclusion follows from Theorem 1.1. O
2
Subcase (B2):a # 0,b = %, c > 0.
Let
2 2
X0 = ——, ro=—,
0 a 0 3a

where F(rg) = F(xg), and define

2A(r0)  21a>
ch'’=—=—.
%"= 3B(ro) 128

We have the following result.

2
Lemma 3.5 Suppose thata # 0, b = %, and 0 < ¢ < cg. Then the period function is
increasing on the entire period annulus.

Proof In this case,
1 2,0.2.2
A(x) = —64(ax +2)*(9a*x” + 60ax + 124).

Since A(xg) = 0 and
A(x) >0,  x € (xo,70),

the function
B(x)

T AWM

is well defined on the projection I of the period annulus, where I = (xq, rp).
Moreover, f attains its maximum on / at x = ro. Hence,

fx)

B(x) _ B(ro)
A~ Alro)’

Finally,
24(rg)  21d?
CO = —— = .
3B(ro) 128
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so all the hypotheses of Lemma 3.2 are satisfied. Consequently, M (x, y) > 0 through-
out the period annulus, and the conclusion follows from Theorem 1.1. O

Subcase (B3):a # 0,b # 0,A =a®? —4b > 0,c > 0.
Let xo be the negative root of
px)y=1+4+ax + bxz,
andletry > xo be the second solution of F(rg) = F(xp). Unlike the previous subcases,

the proof that
A(x) >0,  x € [x0, rol.

is not immediate. For completeness, it is established in Appendix A(Lemma A.1).
Consequently,

is well defined on the projection of the period annulus. Since f is continuous on
[x0, rol, there exists r € [xg, ro] such that

f(r)= max f(x).
x€[xp,r0]
Moreover,
fo) =29 ° .o
= = >
' A0)  10a% —9b ’
SO

fr)= f(0) >0.
Since A(r) > 0, it follows that B(r) > 0. Therefore,

240
= 3B0)

is well defined. We have the following result.

Lemma 3.6 Suppose thata #0,b # 0, A = a*> —4b > 0, and 0 < ¢ < ¢q. Then the
period function is increasing on the entire period annulus.

Proof Since f(x) < f(r) for all x € [xg, ro], all the assumptions of Lemma 3.2 are
satisfied. Therefore, M (x, y) > 0 throughout the period annulus, and the conclusion
follows from Theorem 1.1. O

Remark 3.7 The following observations apply to Cases (A) and (B).
2A(0)

1. Letcy = T(O) For each fixed ¢ € (co, c1), there exists x. € (xg, ro) such that

N(x,y) >0, forall (x,y) satisfying 0 < H(x,y) < F(x.) (see Fig. 4a).
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xD\xe

ﬂ
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s
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Fig.4 Sign of N(x, y) in the region {(x, y) : 0 < H(x,y) < F(x¢)}

Numerical evidence suggests that the period function 7' (E) attains a maximum at
some E, € (F(x.), F(xp)), and becomes decreasing on the interval (E, F (x0)).
2. For each fixed ¢ > ¢y, there exists x. € (xg, rg) such that

N(x,y) <0, forall (x,y) satisfying 0 < H(x,y) < F(x.) (see Fig. 4b).

Consequently, 7' (E) is decreasing on (0, F (x.)]. Numerical experiments suggest
that 7 (E) attains a minimum at some E, € (F(x.), F(xp)), and becomes increas-
ing on (Ey, F(x0)).

3. In the special case a = 0 and b < 0, one has ¢y = ¢1. Hence, T'(E) is increasing
on (0, F(xg)] for all 0 < ¢ < cg, and decreasing on (0, F'(x.)] for each fixed
¢ > ¢ (see Fig. 4c).

4. Whena # 0 and ¢ = ¢, the sign of N (x, y) is not well defined in a neighborhood
of (0, 0). Therefore, the criterion does not provide a definite conclusion regarding
the monotonicity of the period function near the origin (see Fig. 4d).

5. In the cases b = 0 (Case (A)) or b > 0, the point x. can be characterized as a
solution of the equation

o(x;) =0, where o(x) =2A(x) —3cB(x).

Example 3.8 (A Hamiltonian considered in [14]) The Hamiltonian system
2

3 2 4

X X y y
Hx,y)=k[=+= ) +=+=,
(x,y) <2+3>+2+4
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was considered by Freire, Gasull and Guillamon [14] as an example illustrating the
limitations of their monotonicity criterion. Since this Hamiltonian corresponds to an
I-D pair, Proposition 10 of [14] does not determine the monotonicity of its period
function. Nevertheless, the numerical computations reported in Fig. 2 of [14] indicate
that the period function is increasing for k = 1, nearly isochronous for £ ~ 1.17525,
and decreasing for larger values of k.

After applying the change of variables (7), the Hamiltonian system is transformed
into

¥ =y +ky?). Y =),

which is precisely Case (A) with parameter ¢ = k. Hence, the results established
above apply directly.
In this case,

1
X()Z—l, F(xO)Zg,

and the equation F (rg) = F(xp) has the solution ro = % Since
A() =10+4x,  Bx) = (6+40)(1 +x)*(1 + 2x),

we obtain
_2A1/2) 2

"= 3B12) 9

Therefore, by Lemma 3.3, the period function T (E) is increasing on (0, 1/6) for every

2
0<k<-.
9
Moreover,
_2A0) 10
"T3B0) " 9
Hence, by Remark 3.7(1), for every
2 10
—<k<—,
9 9

there exists 0 < x; < % such that 7'(E) is increasing on (0, F(xg)). For instance,
whenk =1,
x1 =~ 0.025147, F(x1) ~ 0.000321,

sothat T'(E) is increasing on (0, 0.000321). This is consistent with the numerical com-
putations reported in [14], which indicate that the period function remains increasing
on the whole interval (0, 1/6).

For the limiting value k = %), our criterion is inconclusive. However, the numerical
computations of [14] show that the period function is nearly constant near the origin,

giving the appearance of an almost isochronous center.
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Finally, when
10

k> —,

9
Remark 3.7(2) implies that 7' (E) is decreasing on

1
O<E§F(xk)<g.
For example, when k = 2,

X ~ —0.12449, F(x2) = 0.007106,

and therefore T (E) is decreasing on (0, 0.007106). The numerical computations
reported in [14] indicate that the period function subsequently attains a minimum
at approximately

E. ~ 0.0427,

after which it increases. A similar behavior is observed for k = 10 and larger values
of k.

Therefore, although the criterion of [14] does not determine the monotonicity of the
period function for this Hamiltonian, the present approach provides rigorous analytical
information on explicit energy intervals. These analytical results are in full qualitative
agreement with the numerical computations reported in Fig. 2 of [14].

Case(C):A <0

In this case, the period annulus of the origin coincides with R%\{(0, 0)}. Unlike the
case A > 0, the function N does not preserve a constant sign throughout the period
annulus. The following results provide sufficient conditions for the monotonicity of the
period function on an interval of energies (0, Ey), where E( depends on the parameters
and is chosen so that

Q(Eo) = {(x,y) e R*: 0 < H(x, y) < Eo}

is contained in a region where N (x, y) preserves a constant sign. The optimal choice of
E( would correspond to the first energy level for which the level curve H (x, y) = Ey
is tangent to the curve N (x, y) = 0. In the following subcases, we determine explicit
values of Eq for which N preserves a constant sign on Q2 (Ep).
We first observe that the function B is strictly positive on the entire real line. Indeed,
writing
B(x) = Bo(x)B1(x)B2(x),

where )
By(x) = (1 + ax +bx2) , Bi(x) =1+ 2ax +6bx2,

and
B (x) = 6 + dax + 3bx?>,
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we have
A <O, A1 =4(A —-2b) <0, Ay =8(2A —-b) <O.
Hence, By, B, and B; have no real zeros. Since
Bo(0) =1, Bi(0)=1, Bx(0) =6,

each of these polynomials is positive on R. Therefore, B(x) > 0, for all x € R.
We now consider the different subcases (Fig. 5).

Subcase (C1):A < 0,a = 0.

Let
V5-2
b 9

X0 = Eoy := F(xp).
We have the following result.

Lemma 3.9 Suppose A <0, a =0, and ¢ > 0. Then:

(i) Ifc =0, then N(x,y) < 0inQ(Eyp). Consequently, the period function is decreas-

ing on (0, Ep).
(ii) Assume that ¢ > 0. Let x,,, > xo be a point at which

attains its absolute maximum, and define
Eo:= F(xp).
Then there exists a unique constant cy > 0 such that

AGn) _ QGm)
Bt POw)

where y, = ym(co) is determined by
G(ym) = Eop.
Moreover, for every ¢ > cy,
N(x,y) <0 inQ(Ep).

Consequently, the period function is decreasing on (0, Ey).
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Fig.5 Region Q(E() Y
corresponding to Case (C1)(ii)

N
T

Proof We work under the assumptions ¢ = 0, b > 0, and ¢ > 0. In this case,

A(x) = 9b°x* 4 3667x> — 9b = 9b(b*x* + 4bx> — 1).

(i) Suppose ¢ = 0. Then P(y) = 4, Q(y) = 0, and therefore N (x, y) = 4A(x). The
function A(x) vanishes at

5-2
x = =£xp, Xg = f )
b
and satisfies
A(x) <0,  |x| < xo.

Hence, N(x,y) < 0 throughout Q2(E¢). By Theorem 1.1, the period function is
decreasing on (0, Ep).

(ii) Assume that ¢ > 0. Since B(x) > O and P(y) > O,

Ax)  0O(y)
Nx,y) <0 B < P0)
Define A
X
fx) = By’
Since

fao)=0.  lim f(x) =0,

there exists x,, > x¢ such that
f(x,) =max f(x) > 0.
X=X
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Let Ey := F(x,), and let y,, = y;,(c) be determined by G(y,,) = Eo. Define

k)

¢(c) = min
yI<ym@ P(y)’

Since Q/ P is continuous and positive for ¢ > 0, it follows that ¢ is continuous.
Therefore, there exists a unique constant ¢y > 0 such that

p(co) = f(xm).

Equivalently, A 00 (o)
Xm) Ym (€0

B(xm) B P(ym(CO)).

Hence, for every ¢ > ¢y,

Q(y)
< < =
S Qom) = elc) = P(y)’
whenever G(y) < Ej. Since
29 < fem.
B~
it follows that
A®) _ 0
B(x) = P(y)
for all (x, y) satisfying H(x, y) < Eg. Therefore, N(x, y) < 0 throughout Q2 (E).
By Theorem 1.1, the period function is decreasing on (0, Ep). O

Subcase (C2):a # 0,b > %, c=0.

2
Lemma 3.10 Supposea # 0, b > %, and ¢ = 0. Then the following statements hold.

(i) Ifa > Oand‘j‘—2 <b< ma2 then A(x) has two negative real roots x, < x1 < 0.
Let Eg := F(x1).Then N(x y) = 0in Q(Ey). Consequently, the period function
is increasing on (0, Ep).

(ii) Ifa < 0and % <b< %az, then A(x) has two positive real roots 0 < x1 < x3.
LetEy := F(x1). Then N(x,y) > 0in Q(Ey). Consequently, the period function
is mcreasmg on (0, Ey).

(iii) If b > —a , then A(x) has two real roots x, < 0 < xi. Let Eg := F(xy).
Then N (x y) < 0 in Q(Ep). Consequently, the period function is decreasing
on (0, Eg).

(iv) Ifa > 0 and b = 10 a’®, then N(x,y) changes sign in every neighborhood
of the origin. Consequently, Theorem 1.1 does not provide information on the
monotonicity of the period function.
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Proof Since ¢ = 0, P(y) = 2 and Q(y) = 0. Therefore N(x, y) = 2A(x). Hence,
the sign of N (x, y) coincides with that of A(x). Moreover, limy_, +o A(x) = +00,
since A has leading coefficient 95> > 0, and

A) = 10a®> —9b, A’ (0) = a(30b + 4a?).

(i) If

a? 10 ,

0, — <b< —a",
a> 4<<9a

then A(0) > 0. Since A(x) — +o00 as x — —o0, continuity implies that A has two
negative roots x, < x1 < 0. Hence,

A(x) =20, x€[x,0]
Therefore, N(x, y) > 01in Q(Ep), where Eg = F(x1). The conclusion follows from

Theorem 1.1.

(ii) If
a? 10 ,

0, — <b< —a",
a< 4<<9a

the argument is analogous. In this case, 0 < x; < x3, and
Ax) =20, x€[0,x].

Therefore, N (x, y) > 01in Q(Ep), where Eg = F'(x1). The conclusion again follows
from Theorem 1.1.
(iii) If b > %az, then A(0) < 0. Since A(x) — 400 as x — =00, there exist two
real roots xp < 0 < x;, and

Ax) <0, x €[x,x1].
Therefore, N(x, y) < 01in Q2 (Ey), where Eg = F(x1). The conclusion follows from
Theorem 1.1.

(iv) If b = a2, then
AW0)=0, A0)#0.

Hence A, and consequently N, changes sign at the origin. Therefore, Theorem 1.1
does not provide information on the monotonicity of the period function. O

2
Subcase (C3):a # 0,c¢ > 0,b > .

2
Lemma 3.11 Supposea # 0, b > aZ’ and ¢ > 0. Then the following statements hold.
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(i) Suppose % <b < “3—2 Then A(x) has two distinct real roots x; < x1 < 0, if
a>0and0 < x1 < xp,ifa < 0. Let xo # x1 satisfy F(xg) = F(x1), and define

Ey:= F(x1). Then N(x,y) > 0in Q(Ey), for every

2A
O0<c<cy:= 3332;

Consequently, the period function is increasing on (0, Eyp).

(ii) Suppose b > % Let f(x) = 28, and let x,, be a point at which f attains its

absolute maximum. Define Eq := F (x,), and let y,, = y(c) be determined by

G (ym) = Ep.
Then there exists a unique constant cy > 0 such that

AGw) _ Q0m)
B(xm) P(Ym).

Moreover, for every ¢ > co, N(x,y) < 0in Q(Egy). Consequently, the period
function is decreasing on (0, Ey).

2

Proof (i) Suppose % < b < %.Then A(x;) = 0, and A(x) > 0 for x € [xp, x1).
Since B(x) > 0 and P(y) > 0,

A _ 0
B() = PG

Nx,y) >0 <«~—
0(0) 3

Since Q/ P is decreasing in yz, % < 0 = 7” Moreover,

A _ AW

< , X € [xo,x1].
B(xo) — B(x)
Since
2A(x0)
C=C0=575—0>
3B (xo)
we have

A(x) - 3c - o)

B(x) — 2 7 P(y’

and therefore N (x, y) > 0in Q(Ey), so the conclusion follows from Theorem 1.1.

(ii) The proof follows the same argument as that of item (ii) in Lemma 3.9. O

Remark 3.12 In the cases where A < 0, phenomena analogous to those described
in Remark 3.7 may also occur. We illustrate this behavior with two representative
examples.
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First, consider the case a = b = 3, which falls under item (i) of Subcase (C3). A
direct computation shows that A(x) has a root at x; = —%. Since F(xg) = F(x1) =
31_6’ we obtain
_ 2A(x0)
" 3B(xo)

Therefore, the period function is increasing on (0, 3—16) . Numerical evidence suggests

the existence of at least one critical point for £ > 1/36. Moreover, if

1.798.

xo ~ 0.1958, co

2A(0)
cp<c<cl=——=17,

3B(0)

then 7 (E) remains increasing on (0, F(x.)), where x. is determined by o (x.) = 0.
For ¢ > 7, the period function becomes decreasing on (0, F(x.)) and may exhibit
critical points for E > F(x.). This behavior is observed numerically, for example,
whena = b =3 and c = 8.

Next, consider the case a = b = 2, which falls under item (ii) of Subcase (C3). In
this case,

xm ~ —0.0748706245, Ep := F(x,) ~ 0.0025387196, co &~ 2.8004647.

Therefore, the period function is decreasing on (0, Eg) for every ¢ > co. Numerical
evidence suggests that 7' (E) may remain decreasing for E > E, as observed when
a=b=2andc =3.

On the other hand, for 0 < ¢ < ¢y, the period function may be increasing for small
values of E, as illustrated by the example a = b =2 and ¢ = 1.

The examples above indicate that the restriction to a subannulus is not merely a
limitation of the criterion. Rather, the critical energy level reflects an actual change in
the monotonicity of the period function. Consequently, one cannot, in general, expect
the period function to be monotone throughout the entire period annulus.

It is worth emphasizing that the analysis presented for cases (A)—(C) does not cover
all possible monotonicity behaviors of the period function 7' (E). For instance, the case
¢ < 0 has not been considered here, although it can be investigated using the same
approach.

3.2 Relativistic Harmonic Oscillator

Example 3.13 (Relativistic harmonic oscillator) Consider the relativistic harmonic
oscillator, whose Hamiltonian is given by

1
K(q’ P) = Vmcz + —qu, where y = 1+ .
2 m2c2

The first term represents the relativistic kinetic energy, while the second one corre-
sponds to the potential energy of a linear restoring force.
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Introducing the dimensionless variables

the Hamiltonian takes the normalized form

H(x )=1x2+ 1+y2—1.
) =5 y

Applying Hamilton’s equations, we obtain the system

’_ y 1

N

which corresponds to the standard form of the relativistic harmonic oscillator (see
[31D).

In that work, the authors showed, by directly analyzing the period function 7 (E),
that the oscillation period increases with the energy. We now recover this result as a
direct consequence of Theorem 1.1.

X = —X,

Proposition 3.14 Let T (E) denote the period function associated with the center at
(0,0). Then T (E) is increasing on (0, 4+00).

Proof A direct computation shows that

x4

M(x,y) = = ((G)* —2GG").

Thus, it suffices to verify that (G')?> —2GG” > 0 for all y.
Using G(y) = /1 + y2 — 1 and setting s = /1 + y2 > 1, we obtain

(s =D} s+2)

(G -2GG" = -

N

Since (s — 1)2(5 4+ 2) > Oforall s > 1, with equality only at s = 1 (i.e., y = 0), it
follows that (G')2—2 GG” > Oforall y € R.Hence, M (x, y) > Oforall (x, y) € R2.
By Theorem 1.1, the period function 7 (E) is increasing on (0, +00). O

3.2.1 Non-polynomial Systems

We now illustrate the applicability of Theorem 1.1 beyond the polynomial family con-
sidered above. The following examples show that the criterion can also be effectively
applied to non-polynomial Hamiltonian systems, yielding explicit information on the
monotonicity of the period function.
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Example 3.15 (A pair of pendulum—type equations coupled through their velocities)
Consider the planar system
/

x'=siny, y = —sinx,

which may be interpreted as a symmetric variant of the harmonic pendulum.
The system is Hamiltonian with the separable Hamiltonian

Hix,y)=Fx)+G(»), Fx)=1—-cosx, G(y)=1—cosy.
The origin is a nondegenerate center, and its period annulus is bounded by the
energy level Eg = 2, corresponding to the separatrix connecting the saddle points
(0, &) and (£, 0).

We analyze the monotonicity of the period function 7'(E) for E € (0, 2).
A direct (though lengthy) computation shows that M (x, y) can be written as

M(x,y) =4(1 —cosy) sin4(%) sinz(%> N(x,y),

where
N(x,y) =54 cos(2x) —2(cosx — 2)cos y.

Hence, the sign of M (x, y) is determined by N (x, y). A direct verification shows
that N(x, y) > 0 on

QQ2)={(x,y) eR*:0< H(x,y) <2},

and therefore M (x, y) > 0 on 2(2).
By Theorem 1.1, the period function 7 (E) is increasing on (0, 2).

Example 3.16 Consider the system
x' =sinh(y), y = —sinh(x).
This system is Hamiltonian with
H(x,y) = cosh(x) — 1 4+ cosh(y) — 1,
and it possesses an unbounded global center at the origin.
We show that the period function 7'(E) is decreasing on (0, 4 + 4./3].
A direct computation yields
M(x,y) = —(coshx — 1)*(coshy — 1)*(cosh? x — cosh x coshy + 2coshy + 2).
Setting a = coshx > 1 and b = cosh y > 1, we obtain

M, y) = —(a— Db — D f(a,b),  fa,b) =a*—ab+2b+2.
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Thus, M < 0 if and only if f > 0. Moreover,
Hx,y)=a+b—-2.

Hence, determining the largest value E( for which M < 0 on Q(Ey) reduces to
minimizing a + b subject to f(a, b) = 0. Solving f(a, b) = 0 for b gives

a’+2

bla) = a—?2

, a > 2.

A direct computation shows that S(a) = a + b(a) attains its minimum at
Amin = 2 + «/g .

Consequently,
Ey = S(amin) —2=4 +4\/§

Therefore, M(x,y) < O for all (x,y) such that 0 < H(x,y) < Ep, and by
Theorem 1.1 the period function 7' (E) is decreasing on (0, Ep).

Theorem 1.1 ensures monotonicity up to the energy level Eq. For larger energies,
the derivative 7’ (E) may change sign, and no definitive conclusion can be drawn from
the criterion alone.

The examples above illustrate the applicability of Theorem 1.1 to a variety of
separable Hamiltonian systems, including non-polynomial models. They show that the
proposed criterion can be effectively applied through explicit computations involving
F, G, and their derivatives.

4 Comparison with the Criteria of Villadelprat and Zhang

In [29], the authors study the monotonicity of the period function associated with
separable Hamiltonian systems of the form

H(x,y) = Fi(x) + F2(y),

by means of the involutions associated with the functions F;, i = 1,2. More
precisely, let I; = (e;, ef), i = 1, 2, denote the projections of the period annulus of
the center (0, 0) onto the coordinate axes. The involutions o; : I; — I; are defined
implicitly by

Fi(0i(2)) = Fi(z), Vzel.

The main monotonicity criteria obtained in [29] are formulated in terms of the
operators

f @) — f(oi(2)o](2)

Py (f)(2) = 5
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For nondegenerate centers, the most relevant results for comparison with Theo-
rem 1.1 are Proposition 3.2 and Corollary 3.5 of [29]. Proposition 3.2 states that if

P Fi 4
(((F{ﬂ) )

is positive (resp. negative) on (0, el.+) for i = 1,2, then the period function T
is increasing (resp. decreasing) throughout the period annulus associated with the
nondegenerate center (0, 0).

The fact that this criterion depends explicitly on the involutions ¢; may hinder its
practical applicability, since, in general, it is not possible to determine their algebraic
expressions explicitly. This limitation is mentioned by the authors themselves, who
also present particular situations in which this difficulty can be circumvented.

For nondegenerate centers, Corollary 3.5 provides a simpler version of the previous
criterion. In this result, it suffices to analyze the sign of the expressions

Fl 1 )
(W) s 1= 1,2 (9)

More precisely, if the expressions in (9) are positive (resp. negative) on (e; , el.+)
for i = 1,2, then the period function T is increasing (resp. decreasing) throughout
the period annulus.

This criterion is particularly attractive from a computational point of view, since it
reduces the study of the monotonicity of the period function to the independent analysis
of two one-variable functions. However, it is only conclusive when both expressions
in (9) have the same sign. In particular, the result provides no information about the

monotonicity of 7 in cases where

Fl " F2 4
—/2 and —/2
(Fp) (Fy)
have opposite signs.

To illustrate this situation, we revisit the Hamiltonian considered in Example 3.8.
As shown there, after the normalization (7), this system corresponds to Case (A) and
exhibits a qualitative change in the behavior of the period function as the parameter k
varies.

A direct computation yields

F " _ 2x +5
(FD?) 301 +x0)%
which is positive for all x € (—1, +00). On the other hand,

Fy \" 3k k*y* 4 4ky? — 1
(F)?) 2 (1+ky?)*

Consequently,
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P Vi «/5—2
<@) <0 for 0< |yl < P

Therefore, the expressions in (9) have opposite signs in a neighborhood of the
origin. Hence, neither Corollary 3.5 nor Proposition 3.2 allows one to conclude the
monotonicity of the period function associated with the nondegenerate center (0, 0).

By contrast, Example 3.8 shows that Theorem 1.1 guarantees that the period func-
tion T (E) is increasing on (0, 1/6) for every

2
0<k<-—.
9

Moreover, it provides the explicit threshold values

2 10
ko = 5 k1 = 9’
which explain the qualitative transition observed numerically in Fig. 2 of [14]. There-
fore, Theorem 1.1 continues to provide rigorous analytical information even when the
criteria in [29] are inconclusive.
On the other hand, there are situations in which the criterion of Villadelprat and
Zhang yields conclusions more quickly than Theorem 1.1. This can be illustrated by
the system

x' =siny, y = —sinx,

discussed in Sect. 3. In this case,

Fi(z) = F2(z) =1 —cosz,

and a direct computation shows that

Fi ” B | " -
((Fi/)2> () = Z(Z—cosz) sec <§> i=1,2.

Since this expression is positive on (—, i), Corollary 3.5 immediately guarantees
that the period function is increasing throughout the period annulus associated with
the center. In contrast, the application of Theorem 1.1 requires an additional analysis
of the sign of the function M (x, y).

The examples above suggest the following practical strategy. Given a separable
Hamiltonian system, one should first verify the hypotheses of Corollary 3.5 by ana-
lyzing the sign of the functions

F' "
1 .

s i=1,2.
<(F,-’)2>

Whenever these hypotheses are satisfied, the monotonicity of the period function
follows immediately. Otherwise, one may resort to Theorem 1.1, which, as illustrated
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by the previous example, may provide information on the monotonicity of the period
function even when the hypotheses of the previous criteria are not satisfied. The two
approaches should therefore be regarded as complementary rather than competing.

5 Conclusion

In this paper, we investigated the monotonicity of the period function associated with
planar Hamiltonian systems of the form

H(x,y) = F(x)+ G(y),

where G is an even function. We established explicit sufficient conditions for mono-
tonicity in terms of the functions F and G through the function M (x, y).

Our main result extends Chicone’s classical criterion from the potential case to a
class of separable Hamiltonian systems. Moreover, it retains the direct formulation
of Chicone’s criterion in terms of F, G, and their derivatives, while extending its
applicability to a broader class of separable Hamiltonian systems.

To illustrate the applicability of the proposed criterion, we considered polynomial,
trigonometric, hyperbolic, and relativistic Hamiltonian systems. In addition, a com-
parison with a previously established criterion shows that the proposed criterion can
establish monotonicity in situations where the previous criterion is not conclusive.

Finally, the approach developed in this paper may also be useful in the study of other
classes of Hamiltonian systems and related questions concerning the monotonicity of
the period function.

Appendix A Proof of the Positivity of A(x)

This appendix completes the proof of Subcase (B3) by establishing the positivity of
the polynomial A on the projection of the period annulus. More precisely, we prove
that the polynomial

A(x) = 10a®> — 9b + a(30b + 4a*)x + b(36b + 16a%)x* + 24ab’x> + 9b3x*

is positive on the interval [xg, ro], where [xq, ro] denotes the projection of the period
annulus associated with the center at the origin.
Throughout this appendix, we assume that a > 0 and a> — 4b > 0. Let xo < 0 be
the negative root of
px)=1+ax+ bx?,

and let ro > O be the unique solution of

2 ax3 byt

F(ro) = F(x0), F(x)= % + S+

The main result of this appendix is the following.
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Lemma A.1 The polynomial A satisfies
A(x) > 0, X € [xo, rol-

The proof is divided according to the sign of b. The case 0 < b < a?/4 is treated
by elementary arguments, whereas the case b < 0 requires Sturm’s theorem.

A.1 TheCase0 < b < a?/4

Since A(—x, —a,b) = A(x,a,b) and F(—x, —a,b) = F(x,a,b), it is enough to
assume a > 0. As all coefficients of A are positive, we have A(x) > 0 for x > 0.
Thus, it remains to prove the positivity of A on [x¢, 0]. Using the identity

A(x) = p(x)q(x) + 3(a® — 4b)(ax + 3),

where
p(x) =1+ax+bx%  qx)=a>+27b+ 15abx + 9b%x2,

it suffices to prove that g(x) > 0 and ax + 3 > 0 on [xg, 0], since p(x) > 0 on this
interval and a% — 4b > 0.
First, p(—=2/a) = (4b — a®)/a®* < 0and p(0) =1 > 0, so —% < x0 < 0. Hence,

ax+3>1>0, x € [xg, 0].

Moreover,

3b(5a% — 12b)
e TS0

q' (x) = 3b(5a + 6bx) >
a

, X € [x0,0],

because 0 < b < a2/4. Therefore, g is increasing on [xg, 0], and ¢ (x) > g (xop). Using
1 —I—axo—i—bxg =0,

q(xo) = a® 4+ 6b(axp +3) > a*> > 0.
Hence ¢ (x) > 0 on [xg, 0], and consequently
A(x) > 0, x € [xo0, 0].
Since A(x) > 0 for x > 0, we conclude that

A(x) > 0, x € [xg, rol-
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A.2 TheCaseb < 0
When b < 0, the previous argument no longer applies, since the polynomial
q(x) = a® + 27b + 15abx + 9b*x>
is not necessarily positive on [xg, ro]. Consequently, the identity
A(x) = p(x)q(x) + 3(a* — 4b)(ax + 3)
does not directly imply the positivity of A.
Instead, we apply Sturm’s theorem to show that A has no real zeros on [xg, ro].

Since A(0) = 1042 — 9b > 0, it follows that A(x) > 0 for every x € [xg, ro]. The
proof is divided into four steps.

A.2.1 The Sturm Sequence

The Sturm sequence associated with A begins with pg = A, p; = A’, and the
remaining polynomials are

(2a® — 9b)(2a®> + Tabx + 12b*x% — 6b)

p2(x) = b

3
Py =3 (6a3 + 5a%bx — T4ab — 12Ob2x> ,

4(a® — 4b)(2a® — 9b)(34a* — 561a’b + 2700b%)

pa= 75b(a® — 24b)?

Since p4 is a nonzero constant, the Euclidean algorithm terminates and {po, p1,
P2, p3, pa} is the Sturm sequence associated with A.

A.2.2 The Sign of p;

Since
(2a* — 9b)(2a* + Tabx + 12b*x? — 6b)

6b '

p2(x) =

and the quadratic factor has discriminant A = b*(288b — 47a*) < 0 and positive
leading coefficient 1252, it follows that this factor is positive on R. Therefore,

p2(x) <0, x € R,
since 2a% — 9b > 0 and 6b < 0.
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A.2.3 The Sign of p3
Since 3

) = (6a3 + 5a2bx — Tdab — 120b2x> :
it is an affine polynomial whose unique zero is

2a(37b — 3a?)
Xe = —/——".
* 7 5bh(a? — 24b)

To compare x, with rg, we eliminate x( from the system
p(xo) =0,  F(ro) = F(xo),

obtaining
(aro + brg +1)>G(rg) =0,

where
L(x) = 4a>x — 5a°bx* — 2a%> — 18abx + 18b%x? + 6ab*x> + 9b3x* + 9b.

Since p(rg) > 0, we have L(rg) = 0. A symbolic computation yields

2
Res(ps, L) = —b*(a® — 4b)(—b)5P<i—b> ,

where
P (1) =23161"+419042u* 4150323431 +199100124u° 48654688001 —466560000.

A direct computation shows that P'(u) > 0, u > 0. Since P(4) > 0, we conclude
that P(u) > 0, u > 4. Since u = f—i > 4, we obtain

Res(ps, L) > 0,

and hence p3(rg) # 0. Since F'(rg) = rop(ro) > 0, the Implicit Function Theorem
implies that ro depends continuously on (a, b). As the parameter region

{(@,b):a >0, b<0, a®>—4b > 0}

is connected, the sign of p3(rg) is constant. Evaluating at (a, b) = (l, —%) gives
p3(ro) > 0. Consequently, p3(r9) > O for every admissible pair. Finally,

15
Pi(x) = Zb(az —24b) < 0,
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so ps3 is strictly decreasing. Therefore, x, > rg, and
p3(x) >0, x € [xo, rol.

A.2.4 The Sign of ps

The constant polynomial py4 is given by

4(a® — 4b)(2a® — 9b)(34a* — 561a%b + 2700H%)
75b(a? — 24b)? '

P4 = —

Since a2 —4b > 0,2a%> —9b > 0, and 75b(a? —24b)? < 0, it remains to determine
the sign of
34a* — 561a%b + 2700b°.

Writing u = a’/(—b) > 4, we obtain
34a* — 561a%b + 2700b* = b>(34u® + 561u + 2700) > 0,

since b > 0. Therefore,
p4 > 0.

A.2.5 Positivity of A

We now prove that
A(x) > 0, x € [xg, rol-

From the previous subsections,
p2(x) <0, p3x) >0, ps>0,
for every x € [xg, ro]. Moreover,
A(xg) = 3(a® — 4b)(axg + 3) > 0,

and
A(ro) = p(ro)q(ro) + 3(a*> — 4b)(arg +3) > 0.

Thus, the Sturm sequence has signs
(+, = -+, 1)

at both endpoints, so
Vi(xo) = V(o) = 2.

By Sturm’s theorem, A has no real zeros in [xg, ro]. Since
A(0) = 10a> — 9b > 0,
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we conclude that
A(x) > 0, x € [xg, rol-
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